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Introduction

• We introduce immediate observation Petri nets.

• We study parameterized problems for this class.
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example:
(q1, q1) ↦ (q1, q2)

A Petri net is an IO net if all its 

transitions are of the form

(qs , qo) ↦ (qd , qo)
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Parameterized Problems

Parameterized problems in the number of agents 
(population protocols) or molecules (enzymatic chemical 

networks)

does an infinite set of Petri nets differing only in their initial 
markings satisfy a given property ?

defined by counting constraints



Counting Constraints

x1
<latexit sha1_base64="Y25RG+R1TcYqcShT+onWYYQeJcE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T12vW6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHl1jXQ=</latexit><latexit sha1_base64="Y25RG+R1TcYqcShT+onWYYQeJcE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T12vW6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHl1jXQ=</latexit><latexit sha1_base64="Y25RG+R1TcYqcShT+onWYYQeJcE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T12vW6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHl1jXQ=</latexit><latexit sha1_base64="Y25RG+R1TcYqcShT+onWYYQeJcE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T12vW6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHl1jXQ=</latexit>

x2
<latexit sha1_base64="HJPm0szxZYux7F8Wyce2tQiPYqA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cKxhbaUDbbabt0dxN2N2IJ/QtePKh49Rd589+YtDlo64OBx3szzMwLY8GNdd1vZ2V1bX1js7RV3t7Z3duvHBw+mCjRDH0WiUi3Q2pQcIW+5VZgO9ZIZSiwFY5vcr/1iNrwSN3bSYyBpEPFB5xRm0tPvXq5V6m6NXcGsky8glShQLNX+er2I5ZIVJYJakzHc2MbpFRbzgROy93EYEzZmA6xk1FFJZognd06JaeZ0ieDSGelLJmpvydSKo2ZyDDrlNSOzKKXi/95ncQOLoOUqzixqNh80SARxEYkf5z0uUZmxSQjlGme3UrYiGrKbBZPHoK3+PIy8eu1q5p3d15tXBdplOAYTuAMPLiABtxCE3xgMIJneIU3RzovzrvzMW9dcYqZI/gD5/MHsAaNiQ==</latexit><latexit sha1_base64="HJPm0szxZYux7F8Wyce2tQiPYqA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cKxhbaUDbbabt0dxN2N2IJ/QtePKh49Rd589+YtDlo64OBx3szzMwLY8GNdd1vZ2V1bX1js7RV3t7Z3duvHBw+mCjRDH0WiUi3Q2pQcIW+5VZgO9ZIZSiwFY5vcr/1iNrwSN3bSYyBpEPFB5xRm0tPvXq5V6m6NXcGsky8glShQLNX+er2I5ZIVJYJakzHc2MbpFRbzgROy93EYEzZmA6xk1FFJZognd06JaeZ0ieDSGelLJmpvydSKo2ZyDDrlNSOzKKXi/95ncQOLoOUqzixqNh80SARxEYkf5z0uUZmxSQjlGme3UrYiGrKbBZPHoK3+PIy8eu1q5p3d15tXBdplOAYTuAMPLiABtxCE3xgMIJneIU3RzovzrvzMW9dcYqZI/gD5/MHsAaNiQ==</latexit><latexit sha1_base64="HJPm0szxZYux7F8Wyce2tQiPYqA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cKxhbaUDbbabt0dxN2N2IJ/QtePKh49Rd589+YtDlo64OBx3szzMwLY8GNdd1vZ2V1bX1js7RV3t7Z3duvHBw+mCjRDH0WiUi3Q2pQcIW+5VZgO9ZIZSiwFY5vcr/1iNrwSN3bSYyBpEPFB5xRm0tPvXq5V6m6NXcGsky8glShQLNX+er2I5ZIVJYJakzHc2MbpFRbzgROy93EYEzZmA6xk1FFJZognd06JaeZ0ieDSGelLJmpvydSKo2ZyDDrlNSOzKKXi/95ncQOLoOUqzixqNh80SARxEYkf5z0uUZmxSQjlGme3UrYiGrKbBZPHoK3+PIy8eu1q5p3d15tXBdplOAYTuAMPLiABtxCE3xgMIJneIU3RzovzrvzMW9dcYqZI/gD5/MHsAaNiQ==</latexit><latexit sha1_base64="HJPm0szxZYux7F8Wyce2tQiPYqA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cKxhbaUDbbabt0dxN2N2IJ/QtePKh49Rd589+YtDlo64OBx3szzMwLY8GNdd1vZ2V1bX1js7RV3t7Z3duvHBw+mCjRDH0WiUi3Q2pQcIW+5VZgO9ZIZSiwFY5vcr/1iNrwSN3bSYyBpEPFB5xRm0tPvXq5V6m6NXcGsky8glShQLNX+er2I5ZIVJYJakzHc2MbpFRbzgROy93EYEzZmA6xk1FFJZognd06JaeZ0ieDSGelLJmpvydSKo2ZyDDrlNSOzKKXi/95ncQOLoOUqzixqNh80SARxEYkf5z0uUZmxSQjlGme3UrYiGrKbBZPHoK3+PIy8eu1q5p3d15tXBdplOAYTuAMPLiABtxCE3xgMIJneIU3RzovzrvzMW9dcYqZI/gD5/MHsAaNiQ==</latexit>

2  x2  1
<latexit sha1_base64="IKoDDeEqfrhCUX+cqRMrVaWlc+o=">AAACD3icbZC9TsMwFIUdfkv5CzCyWFQIpipBSMCGYGEsEqWVmqpy3BuwcJxg3yCqqI/AwquwMABiZWXjbXDTDFC4kqVP59xrX58wlcKg5305U9Mzs3PzlYXq4tLyyqq7tn5pkkxzaPJEJrodMgNSKGiiQAntVAOLQwmt8OZ05LfuQBuRqAscpNCN2ZUSkeAMrdRzdwKEeyzuyTX0h/keDSTc0vteCYFQEQ6GPbfm1b2i6F/wS6iRsho99zPoJzyLQSGXzJiO76XYzZlGwSUMq0FmIGX8hl1Bx6JiMZhuXiwypNtW6dMo0fYopIX6cyJnsTGDOLSdMcNrM+mNxP+8TobRYTcXKs0QFB8/FGWSYkJH6dC+0MBRDiwwroXdlfJrphlHm2HVhuBPfvkvNPfqR3X/fL92fFKmUSGbZIvsEp8ckGNyRhqkSTh5IE/khbw6j86z8+a8j1unnHJmg/wq5+MbRUic7Q==</latexit><latexit sha1_base64="IKoDDeEqfrhCUX+cqRMrVaWlc+o=">AAACD3icbZC9TsMwFIUdfkv5CzCyWFQIpipBSMCGYGEsEqWVmqpy3BuwcJxg3yCqqI/AwquwMABiZWXjbXDTDFC4kqVP59xrX58wlcKg5305U9Mzs3PzlYXq4tLyyqq7tn5pkkxzaPJEJrodMgNSKGiiQAntVAOLQwmt8OZ05LfuQBuRqAscpNCN2ZUSkeAMrdRzdwKEeyzuyTX0h/keDSTc0vteCYFQEQ6GPbfm1b2i6F/wS6iRsho99zPoJzyLQSGXzJiO76XYzZlGwSUMq0FmIGX8hl1Bx6JiMZhuXiwypNtW6dMo0fYopIX6cyJnsTGDOLSdMcNrM+mNxP+8TobRYTcXKs0QFB8/FGWSYkJH6dC+0MBRDiwwroXdlfJrphlHm2HVhuBPfvkvNPfqR3X/fL92fFKmUSGbZIvsEp8ckGNyRhqkSTh5IE/khbw6j86z8+a8j1unnHJmg/wq5+MbRUic7Q==</latexit><latexit sha1_base64="IKoDDeEqfrhCUX+cqRMrVaWlc+o=">AAACD3icbZC9TsMwFIUdfkv5CzCyWFQIpipBSMCGYGEsEqWVmqpy3BuwcJxg3yCqqI/AwquwMABiZWXjbXDTDFC4kqVP59xrX58wlcKg5305U9Mzs3PzlYXq4tLyyqq7tn5pkkxzaPJEJrodMgNSKGiiQAntVAOLQwmt8OZ05LfuQBuRqAscpNCN2ZUSkeAMrdRzdwKEeyzuyTX0h/keDSTc0vteCYFQEQ6GPbfm1b2i6F/wS6iRsho99zPoJzyLQSGXzJiO76XYzZlGwSUMq0FmIGX8hl1Bx6JiMZhuXiwypNtW6dMo0fYopIX6cyJnsTGDOLSdMcNrM+mNxP+8TobRYTcXKs0QFB8/FGWSYkJH6dC+0MBRDiwwroXdlfJrphlHm2HVhuBPfvkvNPfqR3X/fL92fFKmUSGbZIvsEp8ckGNyRhqkSTh5IE/khbw6j86z8+a8j1unnHJmg/wq5+MbRUic7Q==</latexit><latexit sha1_base64="IKoDDeEqfrhCUX+cqRMrVaWlc+o=">AAACD3icbZC9TsMwFIUdfkv5CzCyWFQIpipBSMCGYGEsEqWVmqpy3BuwcJxg3yCqqI/AwquwMABiZWXjbXDTDFC4kqVP59xrX58wlcKg5305U9Mzs3PzlYXq4tLyyqq7tn5pkkxzaPJEJrodMgNSKGiiQAntVAOLQwmt8OZ05LfuQBuRqAscpNCN2ZUSkeAMrdRzdwKEeyzuyTX0h/keDSTc0vteCYFQEQ6GPbfm1b2i6F/wS6iRsho99zPoJzyLQSGXzJiO76XYzZlGwSUMq0FmIGX8hl1Bx6JiMZhuXiwypNtW6dMo0fYopIX6cyJnsTGDOLSdMcNrM+mNxP+8TobRYTcXKs0QFB8/FGWSYkJH6dC+0MBRDiwwroXdlfJrphlHm2HVhuBPfvkvNPfqR3X/fL92fFKmUSGbZIvsEp8ckGNyRhqkSTh5IE/khbw6j86z8+a8j1unnHJmg/wq5+MbRUic7Q==</latexit>

2  x1  1
<latexit sha1_base64="2wujVJBLsqRW3htVmJAURjSe4RU=">AAACD3icbZC7TsMwFIadci+3ACOLRYVgqpIKCdgQLIxFIhSpqSrHPQELxwn2CWoV5RFYeBUWBkCsrGy8De5l4HYkS5/+/xz7+I8yKQx63qdTmZqemZ2bX6guLi2vrLpr6xcmzTWHgKcy1ZcRMyCFggAFSrjMNLAkktCKbk6GfusOtBGpOsdBBp2EXSkRC87QSl13J0To4+ieQkOvLBo0lHBL+11/DKFQMQ7Krlvz6t6o6F/wJ1Ajk2p23Y+wl/I8AYVcMmPavpdhp2AaBZdQVsPcQMb4DbuCtkXFEjCdYrRISbet0qNxqu1RSEfq94mCJcYMksh2JgyvzW9vKP7ntXOMDzqFUFmOoPj4oTiXFFM6TIf2hAaOcmCBcS3srpRfM8042gyrNgT/95f/QtCoH9b9s73a0fEkjXmySbbILvHJPjkip6RJAsLJPXkkz+TFeXCenFfnbdxacSYzG+RHOe9fQ7ic7A==</latexit><latexit sha1_base64="2wujVJBLsqRW3htVmJAURjSe4RU=">AAACD3icbZC7TsMwFIadci+3ACOLRYVgqpIKCdgQLIxFIhSpqSrHPQELxwn2CWoV5RFYeBUWBkCsrGy8De5l4HYkS5/+/xz7+I8yKQx63qdTmZqemZ2bX6guLi2vrLpr6xcmzTWHgKcy1ZcRMyCFggAFSrjMNLAkktCKbk6GfusOtBGpOsdBBp2EXSkRC87QSl13J0To4+ieQkOvLBo0lHBL+11/DKFQMQ7Krlvz6t6o6F/wJ1Ajk2p23Y+wl/I8AYVcMmPavpdhp2AaBZdQVsPcQMb4DbuCtkXFEjCdYrRISbet0qNxqu1RSEfq94mCJcYMksh2JgyvzW9vKP7ntXOMDzqFUFmOoPj4oTiXFFM6TIf2hAaOcmCBcS3srpRfM8042gyrNgT/95f/QtCoH9b9s73a0fEkjXmySbbILvHJPjkip6RJAsLJPXkkz+TFeXCenFfnbdxacSYzG+RHOe9fQ7ic7A==</latexit><latexit sha1_base64="2wujVJBLsqRW3htVmJAURjSe4RU=">AAACD3icbZC7TsMwFIadci+3ACOLRYVgqpIKCdgQLIxFIhSpqSrHPQELxwn2CWoV5RFYeBUWBkCsrGy8De5l4HYkS5/+/xz7+I8yKQx63qdTmZqemZ2bX6guLi2vrLpr6xcmzTWHgKcy1ZcRMyCFggAFSrjMNLAkktCKbk6GfusOtBGpOsdBBp2EXSkRC87QSl13J0To4+ieQkOvLBo0lHBL+11/DKFQMQ7Krlvz6t6o6F/wJ1Ajk2p23Y+wl/I8AYVcMmPavpdhp2AaBZdQVsPcQMb4DbuCtkXFEjCdYrRISbet0qNxqu1RSEfq94mCJcYMksh2JgyvzW9vKP7ntXOMDzqFUFmOoPj4oTiXFFM6TIf2hAaOcmCBcS3srpRfM8042gyrNgT/95f/QtCoH9b9s73a0fEkjXmySbbILvHJPjkip6RJAsLJPXkkz+TFeXCenFfnbdxacSYzG+RHOe9fQ7ic7A==</latexit><latexit sha1_base64="2wujVJBLsqRW3htVmJAURjSe4RU=">AAACD3icbZC7TsMwFIadci+3ACOLRYVgqpIKCdgQLIxFIhSpqSrHPQELxwn2CWoV5RFYeBUWBkCsrGy8De5l4HYkS5/+/xz7+I8yKQx63qdTmZqemZ2bX6guLi2vrLpr6xcmzTWHgKcy1ZcRMyCFggAFSrjMNLAkktCKbk6GfusOtBGpOsdBBp2EXSkRC87QSl13J0To4+ieQkOvLBo0lHBL+11/DKFQMQ7Krlvz6t6o6F/wJ1Ajk2p23Y+wl/I8AYVcMmPavpdhp2AaBZdQVsPcQMb4DbuCtkXFEjCdYrRISbet0qNxqu1RSEfq94mCJcYMksh2JgyvzW9vKP7ntXOMDzqFUFmOoPj4oTiXFFM6TIf2hAaOcmCBcS3srpRfM8042gyrNgT/95f/QtCoH9b9s73a0fEkjXmySbbILvHJPjkip6RJAsLJPXkkz+TFeXCenFfnbdxacSYzG+RHOe9fQ7ic7A==</latexit>



Counting Constraints

x1
<latexit sha1_base64="Y25RG+R1TcYqcShT+onWYYQeJcE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T12vW6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHl1jXQ=</latexit><latexit sha1_base64="Y25RG+R1TcYqcShT+onWYYQeJcE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T12vW6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHl1jXQ=</latexit><latexit sha1_base64="Y25RG+R1TcYqcShT+onWYYQeJcE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T12vW6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHl1jXQ=</latexit><latexit sha1_base64="Y25RG+R1TcYqcShT+onWYYQeJcE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T12vW6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHl1jXQ=</latexit>

x2
<latexit sha1_base64="HJPm0szxZYux7F8Wyce2tQiPYqA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cKxhbaUDbbabt0dxN2N2IJ/QtePKh49Rd589+YtDlo64OBx3szzMwLY8GNdd1vZ2V1bX1js7RV3t7Z3duvHBw+mCjRDH0WiUi3Q2pQcIW+5VZgO9ZIZSiwFY5vcr/1iNrwSN3bSYyBpEPFB5xRm0tPvXq5V6m6NXcGsky8glShQLNX+er2I5ZIVJYJakzHc2MbpFRbzgROy93EYEzZmA6xk1FFJZognd06JaeZ0ieDSGelLJmpvydSKo2ZyDDrlNSOzKKXi/95ncQOLoOUqzixqNh80SARxEYkf5z0uUZmxSQjlGme3UrYiGrKbBZPHoK3+PIy8eu1q5p3d15tXBdplOAYTuAMPLiABtxCE3xgMIJneIU3RzovzrvzMW9dcYqZI/gD5/MHsAaNiQ==</latexit><latexit sha1_base64="HJPm0szxZYux7F8Wyce2tQiPYqA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cKxhbaUDbbabt0dxN2N2IJ/QtePKh49Rd589+YtDlo64OBx3szzMwLY8GNdd1vZ2V1bX1js7RV3t7Z3duvHBw+mCjRDH0WiUi3Q2pQcIW+5VZgO9ZIZSiwFY5vcr/1iNrwSN3bSYyBpEPFB5xRm0tPvXq5V6m6NXcGsky8glShQLNX+er2I5ZIVJYJakzHc2MbpFRbzgROy93EYEzZmA6xk1FFJZognd06JaeZ0ieDSGelLJmpvydSKo2ZyDDrlNSOzKKXi/95ncQOLoOUqzixqNh80SARxEYkf5z0uUZmxSQjlGme3UrYiGrKbBZPHoK3+PIy8eu1q5p3d15tXBdplOAYTuAMPLiABtxCE3xgMIJneIU3RzovzrvzMW9dcYqZI/gD5/MHsAaNiQ==</latexit><latexit sha1_base64="HJPm0szxZYux7F8Wyce2tQiPYqA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cKxhbaUDbbabt0dxN2N2IJ/QtePKh49Rd589+YtDlo64OBx3szzMwLY8GNdd1vZ2V1bX1js7RV3t7Z3duvHBw+mCjRDH0WiUi3Q2pQcIW+5VZgO9ZIZSiwFY5vcr/1iNrwSN3bSYyBpEPFB5xRm0tPvXq5V6m6NXcGsky8glShQLNX+er2I5ZIVJYJakzHc2MbpFRbzgROy93EYEzZmA6xk1FFJZognd06JaeZ0ieDSGelLJmpvydSKo2ZyDDrlNSOzKKXi/95ncQOLoOUqzixqNh80SARxEYkf5z0uUZmxSQjlGme3UrYiGrKbBZPHoK3+PIy8eu1q5p3d15tXBdplOAYTuAMPLiABtxCE3xgMIJneIU3RzovzrvzMW9dcYqZI/gD5/MHsAaNiQ==</latexit><latexit sha1_base64="HJPm0szxZYux7F8Wyce2tQiPYqA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cKxhbaUDbbabt0dxN2N2IJ/QtePKh49Rd589+YtDlo64OBx3szzMwLY8GNdd1vZ2V1bX1js7RV3t7Z3duvHBw+mCjRDH0WiUi3Q2pQcIW+5VZgO9ZIZSiwFY5vcr/1iNrwSN3bSYyBpEPFB5xRm0tPvXq5V6m6NXcGsky8glShQLNX+er2I5ZIVJYJakzHc2MbpFRbzgROy93EYEzZmA6xk1FFJZognd06JaeZ0ieDSGelLJmpvydSKo2ZyDDrlNSOzKKXi/95ncQOLoOUqzixqNh80SARxEYkf5z0uUZmxSQjlGme3UrYiGrKbBZPHoK3+PIy8eu1q5p3d15tXBdplOAYTuAMPLiABtxCE3xgMIJneIU3RzovzrvzMW9dcYqZI/gD5/MHsAaNiQ==</latexit>

2  x2  1
<latexit sha1_base64="IKoDDeEqfrhCUX+cqRMrVaWlc+o=">AAACD3icbZC9TsMwFIUdfkv5CzCyWFQIpipBSMCGYGEsEqWVmqpy3BuwcJxg3yCqqI/AwquwMABiZWXjbXDTDFC4kqVP59xrX58wlcKg5305U9Mzs3PzlYXq4tLyyqq7tn5pkkxzaPJEJrodMgNSKGiiQAntVAOLQwmt8OZ05LfuQBuRqAscpNCN2ZUSkeAMrdRzdwKEeyzuyTX0h/keDSTc0vteCYFQEQ6GPbfm1b2i6F/wS6iRsho99zPoJzyLQSGXzJiO76XYzZlGwSUMq0FmIGX8hl1Bx6JiMZhuXiwypNtW6dMo0fYopIX6cyJnsTGDOLSdMcNrM+mNxP+8TobRYTcXKs0QFB8/FGWSYkJH6dC+0MBRDiwwroXdlfJrphlHm2HVhuBPfvkvNPfqR3X/fL92fFKmUSGbZIvsEp8ckGNyRhqkSTh5IE/khbw6j86z8+a8j1unnHJmg/wq5+MbRUic7Q==</latexit><latexit sha1_base64="IKoDDeEqfrhCUX+cqRMrVaWlc+o=">AAACD3icbZC9TsMwFIUdfkv5CzCyWFQIpipBSMCGYGEsEqWVmqpy3BuwcJxg3yCqqI/AwquwMABiZWXjbXDTDFC4kqVP59xrX58wlcKg5305U9Mzs3PzlYXq4tLyyqq7tn5pkkxzaPJEJrodMgNSKGiiQAntVAOLQwmt8OZ05LfuQBuRqAscpNCN2ZUSkeAMrdRzdwKEeyzuyTX0h/keDSTc0vteCYFQEQ6GPbfm1b2i6F/wS6iRsho99zPoJzyLQSGXzJiO76XYzZlGwSUMq0FmIGX8hl1Bx6JiMZhuXiwypNtW6dMo0fYopIX6cyJnsTGDOLSdMcNrM+mNxP+8TobRYTcXKs0QFB8/FGWSYkJH6dC+0MBRDiwwroXdlfJrphlHm2HVhuBPfvkvNPfqR3X/fL92fFKmUSGbZIvsEp8ckGNyRhqkSTh5IE/khbw6j86z8+a8j1unnHJmg/wq5+MbRUic7Q==</latexit><latexit sha1_base64="IKoDDeEqfrhCUX+cqRMrVaWlc+o=">AAACD3icbZC9TsMwFIUdfkv5CzCyWFQIpipBSMCGYGEsEqWVmqpy3BuwcJxg3yCqqI/AwquwMABiZWXjbXDTDFC4kqVP59xrX58wlcKg5305U9Mzs3PzlYXq4tLyyqq7tn5pkkxzaPJEJrodMgNSKGiiQAntVAOLQwmt8OZ05LfuQBuRqAscpNCN2ZUSkeAMrdRzdwKEeyzuyTX0h/keDSTc0vteCYFQEQ6GPbfm1b2i6F/wS6iRsho99zPoJzyLQSGXzJiO76XYzZlGwSUMq0FmIGX8hl1Bx6JiMZhuXiwypNtW6dMo0fYopIX6cyJnsTGDOLSdMcNrM+mNxP+8TobRYTcXKs0QFB8/FGWSYkJH6dC+0MBRDiwwroXdlfJrphlHm2HVhuBPfvkvNPfqR3X/fL92fFKmUSGbZIvsEp8ckGNyRhqkSTh5IE/khbw6j86z8+a8j1unnHJmg/wq5+MbRUic7Q==</latexit><latexit sha1_base64="IKoDDeEqfrhCUX+cqRMrVaWlc+o=">AAACD3icbZC9TsMwFIUdfkv5CzCyWFQIpipBSMCGYGEsEqWVmqpy3BuwcJxg3yCqqI/AwquwMABiZWXjbXDTDFC4kqVP59xrX58wlcKg5305U9Mzs3PzlYXq4tLyyqq7tn5pkkxzaPJEJrodMgNSKGiiQAntVAOLQwmt8OZ05LfuQBuRqAscpNCN2ZUSkeAMrdRzdwKEeyzuyTX0h/keDSTc0vteCYFQEQ6GPbfm1b2i6F/wS6iRsho99zPoJzyLQSGXzJiO76XYzZlGwSUMq0FmIGX8hl1Bx6JiMZhuXiwypNtW6dMo0fYopIX6cyJnsTGDOLSdMcNrM+mNxP+8TobRYTcXKs0QFB8/FGWSYkJH6dC+0MBRDiwwroXdlfJrphlHm2HVhuBPfvkvNPfqR3X/fL92fFKmUSGbZIvsEp8ckGNyRhqkSTh5IE/khbw6j86z8+a8j1unnHJmg/wq5+MbRUic7Q==</latexit>

2  x1  1
<latexit sha1_base64="2wujVJBLsqRW3htVmJAURjSe4RU=">AAACD3icbZC7TsMwFIadci+3ACOLRYVgqpIKCdgQLIxFIhSpqSrHPQELxwn2CWoV5RFYeBUWBkCsrGy8De5l4HYkS5/+/xz7+I8yKQx63qdTmZqemZ2bX6guLi2vrLpr6xcmzTWHgKcy1ZcRMyCFggAFSrjMNLAkktCKbk6GfusOtBGpOsdBBp2EXSkRC87QSl13J0To4+ieQkOvLBo0lHBL+11/DKFQMQ7Krlvz6t6o6F/wJ1Ajk2p23Y+wl/I8AYVcMmPavpdhp2AaBZdQVsPcQMb4DbuCtkXFEjCdYrRISbet0qNxqu1RSEfq94mCJcYMksh2JgyvzW9vKP7ntXOMDzqFUFmOoPj4oTiXFFM6TIf2hAaOcmCBcS3srpRfM8042gyrNgT/95f/QtCoH9b9s73a0fEkjXmySbbILvHJPjkip6RJAsLJPXkkz+TFeXCenFfnbdxacSYzG+RHOe9fQ7ic7A==</latexit><latexit sha1_base64="2wujVJBLsqRW3htVmJAURjSe4RU=">AAACD3icbZC7TsMwFIadci+3ACOLRYVgqpIKCdgQLIxFIhSpqSrHPQELxwn2CWoV5RFYeBUWBkCsrGy8De5l4HYkS5/+/xz7+I8yKQx63qdTmZqemZ2bX6guLi2vrLpr6xcmzTWHgKcy1ZcRMyCFggAFSrjMNLAkktCKbk6GfusOtBGpOsdBBp2EXSkRC87QSl13J0To4+ieQkOvLBo0lHBL+11/DKFQMQ7Krlvz6t6o6F/wJ1Ajk2p23Y+wl/I8AYVcMmPavpdhp2AaBZdQVsPcQMb4DbuCtkXFEjCdYrRISbet0qNxqu1RSEfq94mCJcYMksh2JgyvzW9vKP7ntXOMDzqFUFmOoPj4oTiXFFM6TIf2hAaOcmCBcS3srpRfM8042gyrNgT/95f/QtCoH9b9s73a0fEkjXmySbbILvHJPjkip6RJAsLJPXkkz+TFeXCenFfnbdxacSYzG+RHOe9fQ7ic7A==</latexit><latexit sha1_base64="2wujVJBLsqRW3htVmJAURjSe4RU=">AAACD3icbZC7TsMwFIadci+3ACOLRYVgqpIKCdgQLIxFIhSpqSrHPQELxwn2CWoV5RFYeBUWBkCsrGy8De5l4HYkS5/+/xz7+I8yKQx63qdTmZqemZ2bX6guLi2vrLpr6xcmzTWHgKcy1ZcRMyCFggAFSrjMNLAkktCKbk6GfusOtBGpOsdBBp2EXSkRC87QSl13J0To4+ieQkOvLBo0lHBL+11/DKFQMQ7Krlvz6t6o6F/wJ1Ajk2p23Y+wl/I8AYVcMmPavpdhp2AaBZdQVsPcQMb4DbuCtkXFEjCdYrRISbet0qNxqu1RSEfq94mCJcYMksh2JgyvzW9vKP7ntXOMDzqFUFmOoPj4oTiXFFM6TIf2hAaOcmCBcS3srpRfM8042gyrNgT/95f/QtCoH9b9s73a0fEkjXmySbbILvHJPjkip6RJAsLJPXkkz+TFeXCenFfnbdxacSYzG+RHOe9fQ7ic7A==</latexit><latexit sha1_base64="2wujVJBLsqRW3htVmJAURjSe4RU=">AAACD3icbZC7TsMwFIadci+3ACOLRYVgqpIKCdgQLIxFIhSpqSrHPQELxwn2CWoV5RFYeBUWBkCsrGy8De5l4HYkS5/+/xz7+I8yKQx63qdTmZqemZ2bX6guLi2vrLpr6xcmzTWHgKcy1ZcRMyCFggAFSrjMNLAkktCKbk6GfusOtBGpOsdBBp2EXSkRC87QSl13J0To4+ieQkOvLBo0lHBL+11/DKFQMQ7Krlvz6t6o6F/wJ1Ajk2p23Y+wl/I8AYVcMmPavpdhp2AaBZdQVsPcQMb4DbuCtkXFEjCdYrRISbet0qNxqu1RSEfq94mCJcYMksh2JgyvzW9vKP7ntXOMDzqFUFmOoPj4oTiXFFM6TIf2hAaOcmCBcS3srpRfM8042gyrNgT/95f/QtCoH9b9s73a0fEkjXmySbbILvHJPjkip6RJAsLJPXkkz+TFeXCenFfnbdxacSYzG+RHOe9fQ7ic7A==</latexit>

2  x1  1
<latexit sha1_base64="Utx7kQzGq5RncUmDxnRn5e5mYXk=">AAACEHicbZC9TsMwFIUd/il/BUYWiwqpU5UgJGBDsDCCRACpqSrHvWmtOk6wbxBV1Fdg4VVYGACxMrLxNrhpBmi5kqVP59xrX58wlcKg6347M7Nz8wuLS8uVldW19Y3q5ta1STLNweeJTPRtyAxIocBHgRJuUw0sDiXchP2zkX9zD9qIRF3hIIVWzLpKRIIztFK7Wg8QHrC4Jw9lBsN8nwYS7uhD2xtDIFSEg2G7WnMbblF0GrwSaqSsi3b1K+gkPItBIZfMmKbnptjKmUbBJQwrQWYgZbzPutC0qFgMppUXmwzpnlU6NEq0PQppof6eyFlszCAObWfMsGcmvZH4n9fMMDpq5UKlGYLi44eiTFJM6Cge2hEaOMqBBca1sLtS3mOacbQhVmwI3uSXp8Hfbxw3vMuD2slpmcYS2SG7pE48ckhOyDm5ID7h5JE8k1fy5jw5L8678zFunXHKmW3yp5zPHx5mnWM=</latexit><latexit sha1_base64="Utx7kQzGq5RncUmDxnRn5e5mYXk=">AAACEHicbZC9TsMwFIUd/il/BUYWiwqpU5UgJGBDsDCCRACpqSrHvWmtOk6wbxBV1Fdg4VVYGACxMrLxNrhpBmi5kqVP59xrX58wlcKg6347M7Nz8wuLS8uVldW19Y3q5ta1STLNweeJTPRtyAxIocBHgRJuUw0sDiXchP2zkX9zD9qIRF3hIIVWzLpKRIIztFK7Wg8QHrC4Jw9lBsN8nwYS7uhD2xtDIFSEg2G7WnMbblF0GrwSaqSsi3b1K+gkPItBIZfMmKbnptjKmUbBJQwrQWYgZbzPutC0qFgMppUXmwzpnlU6NEq0PQppof6eyFlszCAObWfMsGcmvZH4n9fMMDpq5UKlGYLi44eiTFJM6Cge2hEaOMqBBca1sLtS3mOacbQhVmwI3uSXp8Hfbxw3vMuD2slpmcYS2SG7pE48ckhOyDm5ID7h5JE8k1fy5jw5L8678zFunXHKmW3yp5zPHx5mnWM=</latexit><latexit sha1_base64="Utx7kQzGq5RncUmDxnRn5e5mYXk=">AAACEHicbZC9TsMwFIUd/il/BUYWiwqpU5UgJGBDsDCCRACpqSrHvWmtOk6wbxBV1Fdg4VVYGACxMrLxNrhpBmi5kqVP59xrX58wlcKg6347M7Nz8wuLS8uVldW19Y3q5ta1STLNweeJTPRtyAxIocBHgRJuUw0sDiXchP2zkX9zD9qIRF3hIIVWzLpKRIIztFK7Wg8QHrC4Jw9lBsN8nwYS7uhD2xtDIFSEg2G7WnMbblF0GrwSaqSsi3b1K+gkPItBIZfMmKbnptjKmUbBJQwrQWYgZbzPutC0qFgMppUXmwzpnlU6NEq0PQppof6eyFlszCAObWfMsGcmvZH4n9fMMDpq5UKlGYLi44eiTFJM6Cge2hEaOMqBBca1sLtS3mOacbQhVmwI3uSXp8Hfbxw3vMuD2slpmcYS2SG7pE48ckhOyDm5ID7h5JE8k1fy5jw5L8678zFunXHKmW3yp5zPHx5mnWM=</latexit><latexit sha1_base64="Utx7kQzGq5RncUmDxnRn5e5mYXk=">AAACEHicbZC9TsMwFIUd/il/BUYWiwqpU5UgJGBDsDCCRACpqSrHvWmtOk6wbxBV1Fdg4VVYGACxMrLxNrhpBmi5kqVP59xrX58wlcKg6347M7Nz8wuLS8uVldW19Y3q5ta1STLNweeJTPRtyAxIocBHgRJuUw0sDiXchP2zkX9zD9qIRF3hIIVWzLpKRIIztFK7Wg8QHrC4Jw9lBsN8nwYS7uhD2xtDIFSEg2G7WnMbblF0GrwSaqSsi3b1K+gkPItBIZfMmKbnptjKmUbBJQwrQWYgZbzPutC0qFgMppUXmwzpnlU6NEq0PQppof6eyFlszCAObWfMsGcmvZH4n9fMMDpq5UKlGYLi44eiTFJM6Cge2hEaOMqBBca1sLtS3mOacbQhVmwI3uSXp8Hfbxw3vMuD2slpmcYS2SG7pE48ckhOyDm5ID7h5JE8k1fy5jw5L8678zFunXHKmW3yp5zPHx5mnWM=</latexit>

0  x2  2
<latexit sha1_base64="Jty0vPR/k4LebEwcBglCtzJjlVY=">AAACC3icbVDLTgIxFO34RHyhLt00EhNXZIaYqDuiG5eYiJAwhHTKHWjoPGzvGMhkPsCNv+LGhRq3/oA7/8YCs1DwJE1Ozjm3vT1eLIVG2/62lpZXVtfWCxvFza3tnd3S3v6djhLFocEjGamWxzRIEUIDBUpoxQpY4EloesOrid98AKVFFN7iOIZOwPqh8AVnaKRuqewijHB6T+rJBLLUpq6EezrqVmekmpmUXbGnoIvEyUmZ5Kh3S19uL+JJACFyybRuO3aMnZQpFFxCVnQTDTHjQ9aHtqEhC0B30ukSGT02So/6kTInRDpVf0+kLNB6HHgmGTAc6HlvIv7ntRP0zzupCOMEIeSzh/xEUozopBnaEwo4yrEhjCthdqV8wBTjaPormhKc+S8vkka1clFxbk7Ltcu8jQI5JEfkhDjkjNTINamTBuHkkTyTV/JmPVkv1rv1MYsuWfnMAfkD6/MHly2a3A==</latexit><latexit sha1_base64="Jty0vPR/k4LebEwcBglCtzJjlVY=">AAACC3icbVDLTgIxFO34RHyhLt00EhNXZIaYqDuiG5eYiJAwhHTKHWjoPGzvGMhkPsCNv+LGhRq3/oA7/8YCs1DwJE1Ozjm3vT1eLIVG2/62lpZXVtfWCxvFza3tnd3S3v6djhLFocEjGamWxzRIEUIDBUpoxQpY4EloesOrid98AKVFFN7iOIZOwPqh8AVnaKRuqewijHB6T+rJBLLUpq6EezrqVmekmpmUXbGnoIvEyUmZ5Kh3S19uL+JJACFyybRuO3aMnZQpFFxCVnQTDTHjQ9aHtqEhC0B30ukSGT02So/6kTInRDpVf0+kLNB6HHgmGTAc6HlvIv7ntRP0zzupCOMEIeSzh/xEUozopBnaEwo4yrEhjCthdqV8wBTjaPormhKc+S8vkka1clFxbk7Ltcu8jQI5JEfkhDjkjNTINamTBuHkkTyTV/JmPVkv1rv1MYsuWfnMAfkD6/MHly2a3A==</latexit><latexit sha1_base64="Jty0vPR/k4LebEwcBglCtzJjlVY=">AAACC3icbVDLTgIxFO34RHyhLt00EhNXZIaYqDuiG5eYiJAwhHTKHWjoPGzvGMhkPsCNv+LGhRq3/oA7/8YCs1DwJE1Ozjm3vT1eLIVG2/62lpZXVtfWCxvFza3tnd3S3v6djhLFocEjGamWxzRIEUIDBUpoxQpY4EloesOrid98AKVFFN7iOIZOwPqh8AVnaKRuqewijHB6T+rJBLLUpq6EezrqVmekmpmUXbGnoIvEyUmZ5Kh3S19uL+JJACFyybRuO3aMnZQpFFxCVnQTDTHjQ9aHtqEhC0B30ukSGT02So/6kTInRDpVf0+kLNB6HHgmGTAc6HlvIv7ntRP0zzupCOMEIeSzh/xEUozopBnaEwo4yrEhjCthdqV8wBTjaPormhKc+S8vkka1clFxbk7Ltcu8jQI5JEfkhDjkjNTINamTBuHkkTyTV/JmPVkv1rv1MYsuWfnMAfkD6/MHly2a3A==</latexit><latexit sha1_base64="Jty0vPR/k4LebEwcBglCtzJjlVY=">AAACC3icbVDLTgIxFO34RHyhLt00EhNXZIaYqDuiG5eYiJAwhHTKHWjoPGzvGMhkPsCNv+LGhRq3/oA7/8YCs1DwJE1Ozjm3vT1eLIVG2/62lpZXVtfWCxvFza3tnd3S3v6djhLFocEjGamWxzRIEUIDBUpoxQpY4EloesOrid98AKVFFN7iOIZOwPqh8AVnaKRuqewijHB6T+rJBLLUpq6EezrqVmekmpmUXbGnoIvEyUmZ5Kh3S19uL+JJACFyybRuO3aMnZQpFFxCVnQTDTHjQ9aHtqEhC0B30ukSGT02So/6kTInRDpVf0+kLNB6HHgmGTAc6HlvIv7ntRP0zzupCOMEIeSzh/xEUozopBnaEwo4yrEhjCthdqV8wBTjaPormhKc+S8vkka1clFxbk7Ltcu8jQI5JEfkhDjkjNTINamTBuHkkTyTV/JmPVkv1rv1MYsuWfnMAfkD6/MHly2a3A==</latexit>

0  x2  1
<latexit sha1_base64="xTKhYik1Xv7IY6EGSvo/XP4TmaA=">AAACEXicbZC7TsMwFIadci+3ACOLRYUES5VUSMCGYGEEidBKTVU57kmxcJxgnyCqKM/AwquwMABiZWPjbXAvA7cjWfr0/+fYx3+USWHQ8z6dytT0zOzc/EJ1cWl5ZdVdW780aa45BDyVqW5FzIAUCgIUKKGVaWBJJKEZXZ8M/eYtaCNSdYGDDDoJ6ysRC87QSl13N0S4w9E9RV8DqLLwaCjhht51G2MIhYpxUHbdmlf3RkX/gj+BGpnUWdf9CHspzxNQyCUzpu17GXYKplFwCWU1zA1kjF+zPrQtKpaA6RSjVUq6bZUejVNtj0I6Ur9PFCwxZpBEtjNheGV+e0PxP6+dY3zQKYTKcgTFxw/FuaSY0mE+tCc0cJQDC4xrYXel/IppxtGmWLUh+L+//BeCRv2w7p/v1Y6OJ2nMk02yRXaIT/bJETklZyQgnNyTR/JMXpwH58l5dd7GrRVnMrNBfpTz/gXxeZ3V</latexit><latexit sha1_base64="xTKhYik1Xv7IY6EGSvo/XP4TmaA=">AAACEXicbZC7TsMwFIadci+3ACOLRYUES5VUSMCGYGEEidBKTVU57kmxcJxgnyCqKM/AwquwMABiZWPjbXAvA7cjWfr0/+fYx3+USWHQ8z6dytT0zOzc/EJ1cWl5ZdVdW780aa45BDyVqW5FzIAUCgIUKKGVaWBJJKEZXZ8M/eYtaCNSdYGDDDoJ6ysRC87QSl13N0S4w9E9RV8DqLLwaCjhht51G2MIhYpxUHbdmlf3RkX/gj+BGpnUWdf9CHspzxNQyCUzpu17GXYKplFwCWU1zA1kjF+zPrQtKpaA6RSjVUq6bZUejVNtj0I6Ur9PFCwxZpBEtjNheGV+e0PxP6+dY3zQKYTKcgTFxw/FuaSY0mE+tCc0cJQDC4xrYXel/IppxtGmWLUh+L+//BeCRv2w7p/v1Y6OJ2nMk02yRXaIT/bJETklZyQgnNyTR/JMXpwH58l5dd7GrRVnMrNBfpTz/gXxeZ3V</latexit><latexit sha1_base64="xTKhYik1Xv7IY6EGSvo/XP4TmaA=">AAACEXicbZC7TsMwFIadci+3ACOLRYUES5VUSMCGYGEEidBKTVU57kmxcJxgnyCqKM/AwquwMABiZWPjbXAvA7cjWfr0/+fYx3+USWHQ8z6dytT0zOzc/EJ1cWl5ZdVdW780aa45BDyVqW5FzIAUCgIUKKGVaWBJJKEZXZ8M/eYtaCNSdYGDDDoJ6ysRC87QSl13N0S4w9E9RV8DqLLwaCjhht51G2MIhYpxUHbdmlf3RkX/gj+BGpnUWdf9CHspzxNQyCUzpu17GXYKplFwCWU1zA1kjF+zPrQtKpaA6RSjVUq6bZUejVNtj0I6Ur9PFCwxZpBEtjNheGV+e0PxP6+dY3zQKYTKcgTFxw/FuaSY0mE+tCc0cJQDC4xrYXel/IppxtGmWLUh+L+//BeCRv2w7p/v1Y6OJ2nMk02yRXaIT/bJETklZyQgnNyTR/JMXpwH58l5dd7GrRVnMrNBfpTz/gXxeZ3V</latexit><latexit sha1_base64="xTKhYik1Xv7IY6EGSvo/XP4TmaA=">AAACEXicbZC7TsMwFIadci+3ACOLRYUES5VUSMCGYGEEidBKTVU57kmxcJxgnyCqKM/AwquwMABiZWPjbXAvA7cjWfr0/+fYx3+USWHQ8z6dytT0zOzc/EJ1cWl5ZdVdW780aa45BDyVqW5FzIAUCgIUKKGVaWBJJKEZXZ8M/eYtaCNSdYGDDDoJ6ysRC87QSl13N0S4w9E9RV8DqLLwaCjhht51G2MIhYpxUHbdmlf3RkX/gj+BGpnUWdf9CHspzxNQyCUzpu17GXYKplFwCWU1zA1kjF+zPrQtKpaA6RSjVUq6bZUejVNtj0I6Ur9PFCwxZpBEtjNheGV+e0PxP6+dY3zQKYTKcgTFxw/FuaSY0mE+tCc0cJQDC4xrYXel/IppxtGmWLUh+L+//BeCRv2w7p/v1Y6OJ2nMk02yRXaIT/bJETklZyQgnNyTR/JMXpwH58l5dd7GrRVnMrNBfpTz/gXxeZ3V</latexit>

0  x1  2
<latexit sha1_base64="+Yshw4gzG0TXP8dLpDi9i/luung=">AAACDHicbZDLTgIxFIY7eEO8oS7dNKKJKzJDTNQd0Y1LTBwhAUI65QANnc7YnjGQCS/gxldx40KNWx/AnW9juSwUPEmTL/9/Tnv6B7EUBl3328ksLa+srmXXcxubW9s7+d29OxMlmoPPIxnpWsAMSKHAR4ESarEGFgYSqkH/auxXH0AbEalbHMbQDFlXiY7gDK3Uyh81EAY4uSftagA1Sl3akHBPBy1vCqVRK19wi+6k6CJ4MyiQWVVa+a9GO+JJCAq5ZMbUPTfGZso0Ci5hlGskBmLG+6wLdYuKhWCa6WSLET22Spt2Im2PQjpRf0+kLDRmGAa2M2TYM/PeWPzPqyfYOW+mQsUJguLThzqJpBjRcTS0LTRwlEMLjGthd6W8xzTjaAPM2RC8+S8vgl8qXhS9m9NC+XKWRpYckENyQjxyRsrkmlSITzh5JM/klbw5T86L8+58TFszzmxmn/wp5/MHaE+bTg==</latexit><latexit sha1_base64="+Yshw4gzG0TXP8dLpDi9i/luung=">AAACDHicbZDLTgIxFIY7eEO8oS7dNKKJKzJDTNQd0Y1LTBwhAUI65QANnc7YnjGQCS/gxldx40KNWx/AnW9juSwUPEmTL/9/Tnv6B7EUBl3328ksLa+srmXXcxubW9s7+d29OxMlmoPPIxnpWsAMSKHAR4ESarEGFgYSqkH/auxXH0AbEalbHMbQDFlXiY7gDK3Uyh81EAY4uSftagA1Sl3akHBPBy1vCqVRK19wi+6k6CJ4MyiQWVVa+a9GO+JJCAq5ZMbUPTfGZso0Ci5hlGskBmLG+6wLdYuKhWCa6WSLET22Spt2Im2PQjpRf0+kLDRmGAa2M2TYM/PeWPzPqyfYOW+mQsUJguLThzqJpBjRcTS0LTRwlEMLjGthd6W8xzTjaAPM2RC8+S8vgl8qXhS9m9NC+XKWRpYckENyQjxyRsrkmlSITzh5JM/klbw5T86L8+58TFszzmxmn/wp5/MHaE+bTg==</latexit><latexit sha1_base64="+Yshw4gzG0TXP8dLpDi9i/luung=">AAACDHicbZDLTgIxFIY7eEO8oS7dNKKJKzJDTNQd0Y1LTBwhAUI65QANnc7YnjGQCS/gxldx40KNWx/AnW9juSwUPEmTL/9/Tnv6B7EUBl3328ksLa+srmXXcxubW9s7+d29OxMlmoPPIxnpWsAMSKHAR4ESarEGFgYSqkH/auxXH0AbEalbHMbQDFlXiY7gDK3Uyh81EAY4uSftagA1Sl3akHBPBy1vCqVRK19wi+6k6CJ4MyiQWVVa+a9GO+JJCAq5ZMbUPTfGZso0Ci5hlGskBmLG+6wLdYuKhWCa6WSLET22Spt2Im2PQjpRf0+kLDRmGAa2M2TYM/PeWPzPqyfYOW+mQsUJguLThzqJpBjRcTS0LTRwlEMLjGthd6W8xzTjaAPM2RC8+S8vgl8qXhS9m9NC+XKWRpYckENyQjxyRsrkmlSITzh5JM/klbw5T86L8+58TFszzmxmn/wp5/MHaE+bTg==</latexit><latexit sha1_base64="+Yshw4gzG0TXP8dLpDi9i/luung=">AAACDHicbZDLTgIxFIY7eEO8oS7dNKKJKzJDTNQd0Y1LTBwhAUI65QANnc7YnjGQCS/gxldx40KNWx/AnW9juSwUPEmTL/9/Tnv6B7EUBl3328ksLa+srmXXcxubW9s7+d29OxMlmoPPIxnpWsAMSKHAR4ESarEGFgYSqkH/auxXH0AbEalbHMbQDFlXiY7gDK3Uyh81EAY4uSftagA1Sl3akHBPBy1vCqVRK19wi+6k6CJ4MyiQWVVa+a9GO+JJCAq5ZMbUPTfGZso0Ci5hlGskBmLG+6wLdYuKhWCa6WSLET22Spt2Im2PQjpRf0+kLDRmGAa2M2TYM/PeWPzPqyfYOW+mQsUJguLThzqJpBjRcTS0LTRwlEMLjGthd6W8xzTjaAPM2RC8+S8vgl8qXhS9m9NC+XKWRpYckENyQjxyRsrkmlSITzh5JM/klbw5T86L8+58TFszzmxmn/wp5/MHaE+bTg==</latexit>

_
<latexit sha1_base64="ruNfYladCpZk9C8r32NAd18gof8=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoN6KXjxWcG2hXUo2zbahSXZJskJZ+he8eFDx6i/y5r8x2+5Bqw8GHu/NMDMvSgU31vO+UGVldW19o7pZ29re2d2r7x88mCTTlAU0EYnuRsQwwRULLLeCdVPNiIwE60STm8LvPDJteKLu7TRloSQjxWNOiS2kvvMH9YbX9ObAf4lfkgaUaA/qn/1hQjPJlKWCGNPzvdSGOdGWU8FmtX5mWErohIxYz1FFJDNhPr91hk+cMsRxol0pi+fqz4mcSGOmMnKdktixWfYK8T+vl9n4Msy5SjPLFF0sijOBbYKLx/GQa0atmDpCqObuVkzHRBNqXTw1F4K//PJfEpw1r5r+3XmjdV2mUYUjOIZT8OECWnALbQiAwhie4AVekUTP6A29L1orqJw5hF9AH9+S2o4f</latexit><latexit sha1_base64="ruNfYladCpZk9C8r32NAd18gof8=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoN6KXjxWcG2hXUo2zbahSXZJskJZ+he8eFDx6i/y5r8x2+5Bqw8GHu/NMDMvSgU31vO+UGVldW19o7pZ29re2d2r7x88mCTTlAU0EYnuRsQwwRULLLeCdVPNiIwE60STm8LvPDJteKLu7TRloSQjxWNOiS2kvvMH9YbX9ObAf4lfkgaUaA/qn/1hQjPJlKWCGNPzvdSGOdGWU8FmtX5mWErohIxYz1FFJDNhPr91hk+cMsRxol0pi+fqz4mcSGOmMnKdktixWfYK8T+vl9n4Msy5SjPLFF0sijOBbYKLx/GQa0atmDpCqObuVkzHRBNqXTw1F4K//PJfEpw1r5r+3XmjdV2mUYUjOIZT8OECWnALbQiAwhie4AVekUTP6A29L1orqJw5hF9AH9+S2o4f</latexit><latexit sha1_base64="ruNfYladCpZk9C8r32NAd18gof8=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoN6KXjxWcG2hXUo2zbahSXZJskJZ+he8eFDx6i/y5r8x2+5Bqw8GHu/NMDMvSgU31vO+UGVldW19o7pZ29re2d2r7x88mCTTlAU0EYnuRsQwwRULLLeCdVPNiIwE60STm8LvPDJteKLu7TRloSQjxWNOiS2kvvMH9YbX9ObAf4lfkgaUaA/qn/1hQjPJlKWCGNPzvdSGOdGWU8FmtX5mWErohIxYz1FFJDNhPr91hk+cMsRxol0pi+fqz4mcSGOmMnKdktixWfYK8T+vl9n4Msy5SjPLFF0sijOBbYKLx/GQa0atmDpCqObuVkzHRBNqXTw1F4K//PJfEpw1r5r+3XmjdV2mUYUjOIZT8OECWnALbQiAwhie4AVekUTP6A29L1orqJw5hF9AH9+S2o4f</latexit><latexit sha1_base64="ruNfYladCpZk9C8r32NAd18gof8=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoN6KXjxWcG2hXUo2zbahSXZJskJZ+he8eFDx6i/y5r8x2+5Bqw8GHu/NMDMvSgU31vO+UGVldW19o7pZ29re2d2r7x88mCTTlAU0EYnuRsQwwRULLLeCdVPNiIwE60STm8LvPDJteKLu7TRloSQjxWNOiS2kvvMH9YbX9ObAf4lfkgaUaA/qn/1hQjPJlKWCGNPzvdSGOdGWU8FmtX5mWErohIxYz1FFJDNhPr91hk+cMsRxol0pi+fqz4mcSGOmMnKdktixWfYK8T+vl9n4Msy5SjPLFF0sijOBbYKLx/GQa0atmDpCqObuVkzHRBNqXTw1F4K//PJfEpw1r5r+3XmjdV2mUYUjOIZT8OECWnALbQiAwhie4AVekUTP6A29L1orqJw5hF9AH9+S2o4f</latexit>

¬<latexit sha1_base64="86gGEuUQmJYqRQYo8/T8DWqJKTQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJ+3SzSbsboQS+he8eFDx6i/y5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zcFH7nEZXmibw30xSDmI4kjzijppD6EkeDesNtunOQv8QrSQNKtAf1z/4wYVmM0jBBte55bmqCnCrDmcBZrZ9pTCmb0BH2LJU0Rh3k81tn5MQqQxIlypY0ZK7+nMhprPU0Dm1nTM1YL3uF+J/Xy0x0GeRcpplByRaLokwQk5DicTLkCpkRU0soU9zeStiYKsqMjadmQ/CWX/5L/LPmVdO7O2+0rss0qnAEx3AKHlxAC26hDT4wGMMTvMCrEzvPzpvzvmitOOXMIfyC8/ENdhuODA==</latexit><latexit sha1_base64="86gGEuUQmJYqRQYo8/T8DWqJKTQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJ+3SzSbsboQS+he8eFDx6i/y5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zcFH7nEZXmibw30xSDmI4kjzijppD6EkeDesNtunOQv8QrSQNKtAf1z/4wYVmM0jBBte55bmqCnCrDmcBZrZ9pTCmb0BH2LJU0Rh3k81tn5MQqQxIlypY0ZK7+nMhprPU0Dm1nTM1YL3uF+J/Xy0x0GeRcpplByRaLokwQk5DicTLkCpkRU0soU9zeStiYKsqMjadmQ/CWX/5L/LPmVdO7O2+0rss0qnAEx3AKHlxAC26hDT4wGMMTvMCrEzvPzpvzvmitOOXMIfyC8/ENdhuODA==</latexit><latexit sha1_base64="86gGEuUQmJYqRQYo8/T8DWqJKTQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJ+3SzSbsboQS+he8eFDx6i/y5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zcFH7nEZXmibw30xSDmI4kjzijppD6EkeDesNtunOQv8QrSQNKtAf1z/4wYVmM0jBBte55bmqCnCrDmcBZrZ9pTCmb0BH2LJU0Rh3k81tn5MQqQxIlypY0ZK7+nMhprPU0Dm1nTM1YL3uF+J/Xy0x0GeRcpplByRaLokwQk5DicTLkCpkRU0soU9zeStiYKsqMjadmQ/CWX/5L/LPmVdO7O2+0rss0qnAEx3AKHlxAC26hDT4wGMMTvMCrEzvPzpvzvmitOOXMIfyC8/ENdhuODA==</latexit><latexit sha1_base64="86gGEuUQmJYqRQYo8/T8DWqJKTQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJ+3SzSbsboQS+he8eFDx6i/y5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zcFH7nEZXmibw30xSDmI4kjzijppD6EkeDesNtunOQv8QrSQNKtAf1z/4wYVmM0jBBte55bmqCnCrDmcBZrZ9pTCmb0BH2LJU0Rh3k81tn5MQqQxIlypY0ZK7+nMhprPU0Dm1nTM1YL3uF+J/Xy0x0GeRcpplByRaLokwQk5DicTLkCpkRU0soU9zeStiYKsqMjadmQ/CWX/5L/LPmVdO7O2+0rss0qnAEx3AKHlxAC26hDT4wGMMTvMCrEzvPzpvzvmitOOXMIfyC8/ENdhuODA==</latexit>

)
<latexit sha1_base64="apOjzIa4RvBwcVe1EmrYuZsBwiw=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMVYwttKJvtpl26yYbdiVJCf4YXDype/Tfe/Ddu2xy09cHA470ZZuaFqRQGXffbWVpeWV1bL22UN7e2d3Yre/sPRmWacZ8pqXQrpIZLkXAfBUreSjWncSh5MxxeT/zmI9dGqOQeRykPYtpPRCQYRSu1O3eiP0CqtXrqVqpuzZ2CLBKvIFUo0OhWvjo9xbKYJ8gkNabtuSkGOdUomOTjciczPKVsSPu8bWlCY26CfHrymBxbpUcipW0lSKbq74mcxsaM4tB2xhQHZt6biP957QyjiyAXSZohT9hsUZRJgopM/ic9oTlDObKEMi3srYQNqKYMbUplG4I3//Ii8U9rlzXv9qxavyrSKMEhHMEJeHAOdbiBBvjAQMEzvMKbg86L8+58zFqXnGLmAP7A+fwB+1uRQQ==</latexit><latexit sha1_base64="apOjzIa4RvBwcVe1EmrYuZsBwiw=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMVYwttKJvtpl26yYbdiVJCf4YXDype/Tfe/Ddu2xy09cHA470ZZuaFqRQGXffbWVpeWV1bL22UN7e2d3Yre/sPRmWacZ8pqXQrpIZLkXAfBUreSjWncSh5MxxeT/zmI9dGqOQeRykPYtpPRCQYRSu1O3eiP0CqtXrqVqpuzZ2CLBKvIFUo0OhWvjo9xbKYJ8gkNabtuSkGOdUomOTjciczPKVsSPu8bWlCY26CfHrymBxbpUcipW0lSKbq74mcxsaM4tB2xhQHZt6biP957QyjiyAXSZohT9hsUZRJgopM/ic9oTlDObKEMi3srYQNqKYMbUplG4I3//Ii8U9rlzXv9qxavyrSKMEhHMEJeHAOdbiBBvjAQMEzvMKbg86L8+58zFqXnGLmAP7A+fwB+1uRQQ==</latexit><latexit sha1_base64="apOjzIa4RvBwcVe1EmrYuZsBwiw=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMVYwttKJvtpl26yYbdiVJCf4YXDype/Tfe/Ddu2xy09cHA470ZZuaFqRQGXffbWVpeWV1bL22UN7e2d3Yre/sPRmWacZ8pqXQrpIZLkXAfBUreSjWncSh5MxxeT/zmI9dGqOQeRykPYtpPRCQYRSu1O3eiP0CqtXrqVqpuzZ2CLBKvIFUo0OhWvjo9xbKYJ8gkNabtuSkGOdUomOTjciczPKVsSPu8bWlCY26CfHrymBxbpUcipW0lSKbq74mcxsaM4tB2xhQHZt6biP957QyjiyAXSZohT9hsUZRJgopM/ic9oTlDObKEMi3srYQNqKYMbUplG4I3//Ii8U9rlzXv9qxavyrSKMEhHMEJeHAOdbiBBvjAQMEzvMKbg86L8+58zFqXnGLmAP7A+fwB+1uRQQ==</latexit><latexit sha1_base64="apOjzIa4RvBwcVe1EmrYuZsBwiw=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMVYwttKJvtpl26yYbdiVJCf4YXDype/Tfe/Ddu2xy09cHA470ZZuaFqRQGXffbWVpeWV1bL22UN7e2d3Yre/sPRmWacZ8pqXQrpIZLkXAfBUreSjWncSh5MxxeT/zmI9dGqOQeRykPYtpPRCQYRSu1O3eiP0CqtXrqVqpuzZ2CLBKvIFUo0OhWvjo9xbKYJ8gkNabtuSkGOdUomOTjciczPKVsSPu8bWlCY26CfHrymBxbpUcipW0lSKbq74mcxsaM4tB2xhQHZt6biP957QyjiyAXSZohT9hsUZRJgopM/ic9oTlDObKEMi3srYQNqKYMbUplG4I3//Ii8U9rlzXv9qxavyrSKMEhHMEJeHAOdbiBBvjAQMEzvMKbg86L8+58zFqXnGLmAP7A+fwB+1uRQQ==</latexit>
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Results
Reachability, coverability and liveness are 


PSPACE-complete

Application: the correctness problem for IO population 
protocols is PSPACE-complete

CC-reachability, CC-coverability and CC-liveness are also 
PSPACE-complete

Unlike for conservative Petri nets!



How

Express our problems as formulas over counting constraints 
using boolean operators and reachability operators

e.g. S \ pre⇤(S0) 6= ;
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How

Express our problems as formulas over counting constraints 
using boolean operators and reachability operators

Show closure of counting constraint under these operators


Show that the “size” of the counting constraints remains 
reasonable

e.g. S \ pre⇤(S0) 6= ;
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How

Express our problems as formulas over counting constraints 
using boolean operators and reachability operators

Show closure of counting constraint under these operators


Show that the “size” of the counting constraints remains 
reasonable

using the Pruning Theorem 

e.g. S \ pre⇤(S0) 6= ;
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The Pruning Theorem
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there exists a run
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The Pruning Theorem
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For any run

there exists a run

such that
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|S | ≤ |M′�′�| + n3
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The Pruning Theorem

History = the trajectories of the tokens of a run
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The Pruning Theorem

trajectory

History = the trajectories of the tokens of a run
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The Pruning Theorem

trajectory

History = the trajectories of the tokens of a run
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The Pruning Theorem

trajectory

History = the trajectories of the tokens of a run

bunch = multiset of trajectories with same start and finish

t3 t2
1 t2t3 t4ε

(q1, q3) ↦ (q3, q3)
=
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The Pruning Theorem

Idea: place a token in each observed place before its first “observation” 

and leave it till its last “observation”

An IO transition is
(qs , qo) ↦ (qd , qo)
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The Pruning Theorem

M * M′� ≥ M′�′�

S * S′� ≥ M′�′�

For any run

there exists a run

such that

≥ ≥

|S | ≤ |M′�′�| + n3
      bunches 
of size
n2

n



Bringing it together
Theorem 

For N an IO net with n places, for S a counting set, there exists 
counting constraints representing  pre*(S) and post*(S) whose 
size is bound by 


||pre⇤(S)||  ||S||+ n3
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||post⇤(S)||  ||S||+ n3
<latexit sha1_base64="ujKqGKA3jJACjLoUeKzxX8Qaocc=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVIWSqKDLohuXldoLtGmZTCft0MkkzkyEknTnxldx40IRt76CO9/GaZuFtv4w8PGfczhzfjdkVCrL+jYyC4tLyyvZ1dza+sbmlrm9U5NBJDCp4oAFouEiSRjlpKqoYqQRCoJ8l5G6O7ge1+sPREga8Ds1DInjox6nHsVIaatj7idJGEjVPi5UjpIEthi5h0lS0XgCefusY+atojURnAc7hTxIVe6YX61ugCOfcIUZkrJpW6FyYiQUxYyMcq1IkhDhAeqRpkaOfCKdeHLHCB5qpwu9QOjHFZy4vydi5Es59F3d6SPVl7O1sflfrRkp79KJKQ8jRTieLvIiBlUAx6HALhUEKzbUgLCg+q8Q95FAWOnocjoEe/bkeaidFm2raN+e50tXaRxZsAcOQAHY4AKUwA0ogyrA4BE8g1fwZjwZL8a78TFtzRjpzC74I+PzB0oDmEQ=</latexit><latexit sha1_base64="ujKqGKA3jJACjLoUeKzxX8Qaocc=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVIWSqKDLohuXldoLtGmZTCft0MkkzkyEknTnxldx40IRt76CO9/GaZuFtv4w8PGfczhzfjdkVCrL+jYyC4tLyyvZ1dza+sbmlrm9U5NBJDCp4oAFouEiSRjlpKqoYqQRCoJ8l5G6O7ge1+sPREga8Ds1DInjox6nHsVIaatj7idJGEjVPi5UjpIEthi5h0lS0XgCefusY+atojURnAc7hTxIVe6YX61ugCOfcIUZkrJpW6FyYiQUxYyMcq1IkhDhAeqRpkaOfCKdeHLHCB5qpwu9QOjHFZy4vydi5Es59F3d6SPVl7O1sflfrRkp79KJKQ8jRTieLvIiBlUAx6HALhUEKzbUgLCg+q8Q95FAWOnocjoEe/bkeaidFm2raN+e50tXaRxZsAcOQAHY4AKUwA0ogyrA4BE8g1fwZjwZL8a78TFtzRjpzC74I+PzB0oDmEQ=</latexit><latexit sha1_base64="ujKqGKA3jJACjLoUeKzxX8Qaocc=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVIWSqKDLohuXldoLtGmZTCft0MkkzkyEknTnxldx40IRt76CO9/GaZuFtv4w8PGfczhzfjdkVCrL+jYyC4tLyyvZ1dza+sbmlrm9U5NBJDCp4oAFouEiSRjlpKqoYqQRCoJ8l5G6O7ge1+sPREga8Ds1DInjox6nHsVIaatj7idJGEjVPi5UjpIEthi5h0lS0XgCefusY+atojURnAc7hTxIVe6YX61ugCOfcIUZkrJpW6FyYiQUxYyMcq1IkhDhAeqRpkaOfCKdeHLHCB5qpwu9QOjHFZy4vydi5Es59F3d6SPVl7O1sflfrRkp79KJKQ8jRTieLvIiBlUAx6HALhUEKzbUgLCg+q8Q95FAWOnocjoEe/bkeaidFm2raN+e50tXaRxZsAcOQAHY4AKUwA0ogyrA4BE8g1fwZjwZL8a78TFtzRjpzC74I+PzB0oDmEQ=</latexit><latexit sha1_base64="ujKqGKA3jJACjLoUeKzxX8Qaocc=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVIWSqKDLohuXldoLtGmZTCft0MkkzkyEknTnxldx40IRt76CO9/GaZuFtv4w8PGfczhzfjdkVCrL+jYyC4tLyyvZ1dza+sbmlrm9U5NBJDCp4oAFouEiSRjlpKqoYqQRCoJ8l5G6O7ge1+sPREga8Ds1DInjox6nHsVIaatj7idJGEjVPi5UjpIEthi5h0lS0XgCefusY+atojURnAc7hTxIVe6YX61ugCOfcIUZkrJpW6FyYiQUxYyMcq1IkhDhAeqRpkaOfCKdeHLHCB5qpwu9QOjHFZy4vydi5Es59F3d6SPVl7O1sflfrRkp79KJKQ8jRTieLvIiBlUAx6HALhUEKzbUgLCg+q8Q95FAWOnocjoEe/bkeaidFm2raN+e50tXaRxZsAcOQAHY4AKUwA0ogyrA4BE8g1fwZjwZL8a78TFtzRjpzC74I+PzB0oDmEQ=</latexit>



Bringing it together
Theorem 

For N an IO net with n places, for S a counting set, there exists 
counting constraints representing  pre*(S) and post*(S) whose 
size is bound by 


||pre⇤(S)||  ||S||+ n3
<latexit sha1_base64="hurOGoJqsi9Nt3u805aLhc7ZorU=">AAACBnicbVDLSgMxFM3UV62vUZciBItQFcqMCrosunFZqX1AOy2ZNNOGZjJjkhHKTFdu/BU3LhRx6ze4829M21lo64HA4ZxzubnHDRmVyrK+jczC4tLySnY1t7a+sbllbu/UZBAJTKo4YIFouEgSRjmpKqoYaYSCIN9lpO4Orsd+/YEISQN+p4YhcXzU49SjGCktdcz9JNH59nGhcpQksMXIPUySiqYnkLfPOmbeKloTwHlipyQPUpQ75lerG+DIJ1xhhqRs2laonBgJRTEjo1wrkiREeIB6pKkpRz6RTjw5YwQPtdKFXiD04wpO1N8TMfKlHPquTvpI9eWsNxb/85qR8i6dmPIwUoTj6SIvYlAFcNwJ7FJBsGJDTRAWVP8V4j4SCCvdXE6XYM+ePE9qp0XbKtq35/nSVVpHFuyBA1AANrgAJXADyqAKMHgEz+AVvBlPxovxbnxMoxkjndkFf2B8/gBWDpe7</latexit><latexit sha1_base64="hurOGoJqsi9Nt3u805aLhc7ZorU=">AAACBnicbVDLSgMxFM3UV62vUZciBItQFcqMCrosunFZqX1AOy2ZNNOGZjJjkhHKTFdu/BU3LhRx6ze4829M21lo64HA4ZxzubnHDRmVyrK+jczC4tLySnY1t7a+sbllbu/UZBAJTKo4YIFouEgSRjmpKqoYaYSCIN9lpO4Orsd+/YEISQN+p4YhcXzU49SjGCktdcz9JNH59nGhcpQksMXIPUySiqYnkLfPOmbeKloTwHlipyQPUpQ75lerG+DIJ1xhhqRs2laonBgJRTEjo1wrkiREeIB6pKkpRz6RTjw5YwQPtdKFXiD04wpO1N8TMfKlHPquTvpI9eWsNxb/85qR8i6dmPIwUoTj6SIvYlAFcNwJ7FJBsGJDTRAWVP8V4j4SCCvdXE6XYM+ePE9qp0XbKtq35/nSVVpHFuyBA1AANrgAJXADyqAKMHgEz+AVvBlPxovxbnxMoxkjndkFf2B8/gBWDpe7</latexit><latexit sha1_base64="hurOGoJqsi9Nt3u805aLhc7ZorU=">AAACBnicbVDLSgMxFM3UV62vUZciBItQFcqMCrosunFZqX1AOy2ZNNOGZjJjkhHKTFdu/BU3LhRx6ze4829M21lo64HA4ZxzubnHDRmVyrK+jczC4tLySnY1t7a+sbllbu/UZBAJTKo4YIFouEgSRjmpKqoYaYSCIN9lpO4Orsd+/YEISQN+p4YhcXzU49SjGCktdcz9JNH59nGhcpQksMXIPUySiqYnkLfPOmbeKloTwHlipyQPUpQ75lerG+DIJ1xhhqRs2laonBgJRTEjo1wrkiREeIB6pKkpRz6RTjw5YwQPtdKFXiD04wpO1N8TMfKlHPquTvpI9eWsNxb/85qR8i6dmPIwUoTj6SIvYlAFcNwJ7FJBsGJDTRAWVP8V4j4SCCvdXE6XYM+ePE9qp0XbKtq35/nSVVpHFuyBA1AANrgAJXADyqAKMHgEz+AVvBlPxovxbnxMoxkjndkFf2B8/gBWDpe7</latexit><latexit sha1_base64="hurOGoJqsi9Nt3u805aLhc7ZorU=">AAACBnicbVDLSgMxFM3UV62vUZciBItQFcqMCrosunFZqX1AOy2ZNNOGZjJjkhHKTFdu/BU3LhRx6ze4829M21lo64HA4ZxzubnHDRmVyrK+jczC4tLySnY1t7a+sbllbu/UZBAJTKo4YIFouEgSRjmpKqoYaYSCIN9lpO4Orsd+/YEISQN+p4YhcXzU49SjGCktdcz9JNH59nGhcpQksMXIPUySiqYnkLfPOmbeKloTwHlipyQPUpQ75lerG+DIJ1xhhqRs2laonBgJRTEjo1wrkiREeIB6pKkpRz6RTjw5YwQPtdKFXiD04wpO1N8TMfKlHPquTvpI9eWsNxb/85qR8i6dmPIwUoTj6SIvYlAFcNwJ7FJBsGJDTRAWVP8V4j4SCCvdXE6XYM+ePE9qp0XbKtq35/nSVVpHFuyBA1AANrgAJXADyqAKMHgEz+AVvBlPxovxbnxMoxkjndkFf2B8/gBWDpe7</latexit>

||post⇤(S)||  ||S||+ n3
<latexit sha1_base64="ujKqGKA3jJACjLoUeKzxX8Qaocc=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVIWSqKDLohuXldoLtGmZTCft0MkkzkyEknTnxldx40IRt76CO9/GaZuFtv4w8PGfczhzfjdkVCrL+jYyC4tLyyvZ1dza+sbmlrm9U5NBJDCp4oAFouEiSRjlpKqoYqQRCoJ8l5G6O7ge1+sPREga8Ds1DInjox6nHsVIaatj7idJGEjVPi5UjpIEthi5h0lS0XgCefusY+atojURnAc7hTxIVe6YX61ugCOfcIUZkrJpW6FyYiQUxYyMcq1IkhDhAeqRpkaOfCKdeHLHCB5qpwu9QOjHFZy4vydi5Es59F3d6SPVl7O1sflfrRkp79KJKQ8jRTieLvIiBlUAx6HALhUEKzbUgLCg+q8Q95FAWOnocjoEe/bkeaidFm2raN+e50tXaRxZsAcOQAHY4AKUwA0ogyrA4BE8g1fwZjwZL8a78TFtzRjpzC74I+PzB0oDmEQ=</latexit><latexit sha1_base64="ujKqGKA3jJACjLoUeKzxX8Qaocc=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVIWSqKDLohuXldoLtGmZTCft0MkkzkyEknTnxldx40IRt76CO9/GaZuFtv4w8PGfczhzfjdkVCrL+jYyC4tLyyvZ1dza+sbmlrm9U5NBJDCp4oAFouEiSRjlpKqoYqQRCoJ8l5G6O7ge1+sPREga8Ds1DInjox6nHsVIaatj7idJGEjVPi5UjpIEthi5h0lS0XgCefusY+atojURnAc7hTxIVe6YX61ugCOfcIUZkrJpW6FyYiQUxYyMcq1IkhDhAeqRpkaOfCKdeHLHCB5qpwu9QOjHFZy4vydi5Es59F3d6SPVl7O1sflfrRkp79KJKQ8jRTieLvIiBlUAx6HALhUEKzbUgLCg+q8Q95FAWOnocjoEe/bkeaidFm2raN+e50tXaRxZsAcOQAHY4AKUwA0ogyrA4BE8g1fwZjwZL8a78TFtzRjpzC74I+PzB0oDmEQ=</latexit><latexit sha1_base64="ujKqGKA3jJACjLoUeKzxX8Qaocc=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVIWSqKDLohuXldoLtGmZTCft0MkkzkyEknTnxldx40IRt76CO9/GaZuFtv4w8PGfczhzfjdkVCrL+jYyC4tLyyvZ1dza+sbmlrm9U5NBJDCp4oAFouEiSRjlpKqoYqQRCoJ8l5G6O7ge1+sPREga8Ds1DInjox6nHsVIaatj7idJGEjVPi5UjpIEthi5h0lS0XgCefusY+atojURnAc7hTxIVe6YX61ugCOfcIUZkrJpW6FyYiQUxYyMcq1IkhDhAeqRpkaOfCKdeHLHCB5qpwu9QOjHFZy4vydi5Es59F3d6SPVl7O1sflfrRkp79KJKQ8jRTieLvIiBlUAx6HALhUEKzbUgLCg+q8Q95FAWOnocjoEe/bkeaidFm2raN+e50tXaRxZsAcOQAHY4AKUwA0ogyrA4BE8g1fwZjwZL8a78TFtzRjpzC74I+PzB0oDmEQ=</latexit><latexit sha1_base64="ujKqGKA3jJACjLoUeKzxX8Qaocc=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVIWSqKDLohuXldoLtGmZTCft0MkkzkyEknTnxldx40IRt76CO9/GaZuFtv4w8PGfczhzfjdkVCrL+jYyC4tLyyvZ1dza+sbmlrm9U5NBJDCp4oAFouEiSRjlpKqoYqQRCoJ8l5G6O7ge1+sPREga8Ds1DInjox6nHsVIaatj7idJGEjVPi5UjpIEthi5h0lS0XgCefusY+atojURnAc7hTxIVe6YX61ugCOfcIUZkrJpW6FyYiQUxYyMcq1IkhDhAeqRpkaOfCKdeHLHCB5qpwu9QOjHFZy4vydi5Es59F3d6SPVl7O1sflfrRkp79KJKQ8jRTieLvIiBlUAx6HALhUEKzbUgLCg+q8Q95FAWOnocjoEe/bkeaidFm2raN+e50tXaRxZsAcOQAHY4AKUwA0ogyrA4BE8g1fwZjwZL8a78TFtzRjpzC74I+PzB0oDmEQ=</latexit>

contains markings with “small” number of agents



Bringing it together

Algorithm sketch: 


Let S and S’ two counting sets. 


S’ is reachable from S if and only if 


If it is non-empty, there exists a “small” marking in the 
intersection.  


We pick such a marking in S and such a marking in S’, and 
then guess a path from one to the other.

CC-reachability can be solved in PSPACE.

S \ pre⇤(S0) 6= ;
<latexit sha1_base64="7KX2pX896dLCQQIJqwlAWbHXV60=">AAACCHicbVA9SwNBFNyL3/EramnhYhCjRbgTQUvRxjISYwK5M+xt3iWLe3vn7jshBEsb/4qNhSK2/gQ7/42bmEITBxaGmTe8fROmUhh03S8nNzU9Mzs3v5BfXFpeWS2srV+ZJNMcajyRiW6EzIAUCmooUEIj1cDiUEI9vDkb+PU70EYk6hJ7KQQx6ygRCc7QSq3CVpX6nKXUhq73S9XdPeoruKU+xCn2DGCrUHTL7hB0kngjUiQjVFqFT7+d8CwGhVwyY5qem2LQZxoFl3Cf9zMDKeM3rANNSxWLwQT94SH3dMcqbRol2j6FdKj+TvRZbEwvDu1kzLBrxr2B+J/XzDA6DvpCpRmC4j+LokxSTOigFdoWGjjKniWMa2H/SnmXacbRdpe3JXjjJ0+Sq4Oy55a9i8PiyemojnmySbZJiXjkiJyQc1IhNcLJA3kiL+TVeXSenTfn/Wc054wyG+QPnI9vau2YVQ==</latexit><latexit sha1_base64="7KX2pX896dLCQQIJqwlAWbHXV60=">AAACCHicbVA9SwNBFNyL3/EramnhYhCjRbgTQUvRxjISYwK5M+xt3iWLe3vn7jshBEsb/4qNhSK2/gQ7/42bmEITBxaGmTe8fROmUhh03S8nNzU9Mzs3v5BfXFpeWS2srV+ZJNMcajyRiW6EzIAUCmooUEIj1cDiUEI9vDkb+PU70EYk6hJ7KQQx6ygRCc7QSq3CVpX6nKXUhq73S9XdPeoruKU+xCn2DGCrUHTL7hB0kngjUiQjVFqFT7+d8CwGhVwyY5qem2LQZxoFl3Cf9zMDKeM3rANNSxWLwQT94SH3dMcqbRol2j6FdKj+TvRZbEwvDu1kzLBrxr2B+J/XzDA6DvpCpRmC4j+LokxSTOigFdoWGjjKniWMa2H/SnmXacbRdpe3JXjjJ0+Sq4Oy55a9i8PiyemojnmySbZJiXjkiJyQc1IhNcLJA3kiL+TVeXSenTfn/Wc054wyG+QPnI9vau2YVQ==</latexit><latexit sha1_base64="7KX2pX896dLCQQIJqwlAWbHXV60=">AAACCHicbVA9SwNBFNyL3/EramnhYhCjRbgTQUvRxjISYwK5M+xt3iWLe3vn7jshBEsb/4qNhSK2/gQ7/42bmEITBxaGmTe8fROmUhh03S8nNzU9Mzs3v5BfXFpeWS2srV+ZJNMcajyRiW6EzIAUCmooUEIj1cDiUEI9vDkb+PU70EYk6hJ7KQQx6ygRCc7QSq3CVpX6nKXUhq73S9XdPeoruKU+xCn2DGCrUHTL7hB0kngjUiQjVFqFT7+d8CwGhVwyY5qem2LQZxoFl3Cf9zMDKeM3rANNSxWLwQT94SH3dMcqbRol2j6FdKj+TvRZbEwvDu1kzLBrxr2B+J/XzDA6DvpCpRmC4j+LokxSTOigFdoWGjjKniWMa2H/SnmXacbRdpe3JXjjJ0+Sq4Oy55a9i8PiyemojnmySbZJiXjkiJyQc1IhNcLJA3kiL+TVeXSenTfn/Wc054wyG+QPnI9vau2YVQ==</latexit><latexit sha1_base64="7KX2pX896dLCQQIJqwlAWbHXV60=">AAACCHicbVA9SwNBFNyL3/EramnhYhCjRbgTQUvRxjISYwK5M+xt3iWLe3vn7jshBEsb/4qNhSK2/gQ7/42bmEITBxaGmTe8fROmUhh03S8nNzU9Mzs3v5BfXFpeWS2srV+ZJNMcajyRiW6EzIAUCmooUEIj1cDiUEI9vDkb+PU70EYk6hJ7KQQx6ygRCc7QSq3CVpX6nKXUhq73S9XdPeoruKU+xCn2DGCrUHTL7hB0kngjUiQjVFqFT7+d8CwGhVwyY5qem2LQZxoFl3Cf9zMDKeM3rANNSxWLwQT94SH3dMcqbRol2j6FdKj+TvRZbEwvDu1kzLBrxr2B+J/XzDA6DvpCpRmC4j+LokxSTOigFdoWGjjKniWMa2H/SnmXacbRdpe3JXjjJ0+Sq4Oy55a9i8PiyemojnmySbZJiXjkiJyQc1IhNcLJA3kiL+TVeXSenTfn/Wc054wyG+QPnI9vau2YVQ==</latexit>
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Conclusion

• The problems of CC-coverability and CC-liveness are reduced to 
CC-reachability.

Thank you !

• The PSPACE-hardness results come from reductions from the 
halting problem for bounded-tape Turing Machines.

• The correctness problem for IO population protocols is also 
reduced to CC-reachability.



Application

A population protocol computes a predicate 

if and only if


every run starting in an initial configuration eventually reaches a 
configuration in which everyone agrees on the same output and does so 

forever     

Correctness of IO protocols can be solved in 
PSPACE.



Application

A population protocol computes a predicate 

if and only if


every run starting in an initial configuration eventually reaches a 
configuration in which everyone agrees on the same output and does so 

forever     

the initial configurations 

the stable b-consensus

configurations for

b

Correctness of IO protocols can be solved in 
PSPACE.


